Cell proliferation is the most important cellular-level mechanism responsible for regulating cell population dynamics in living tissues. Modern experimental procedures show that the proliferation rates of individual cells can vary significantly within the same cell line. However, the standard approach to model cell proliferation in the mathematical biology literature is to use a classical logistic equation which neglects variations in the proliferation rate. In this work we consider a discrete mathematical model of cell migration and cell proliferation, modulated by volume exclusion (crowding) effects, with heterogeneity in the rates of proliferation of individual cells within the population. Constructing the continuum limit of the discrete model leads to a generalisation of the classical logistic growth model. Comparing numerical solutions of the model to averaged data from discrete simulations shows that the new model captures the key features of the discrete process. Applying the extended logistic model to simulate a proliferation assay using rates from recent experimental literature shows that neglecting the role of heterogeneity can lead to misleading results.
where N {s} denotes the set of six nearest-neighbour sites around site s. In
123
Equation (1) we implicitly make the standard assumption that the average 124 occupancy of each lattice site is independent. This is the mean field assump-125 tion. We expand each term in Equation (1) about site s using Taylor series, 126 and neglect terms of O(∆ 3 ). Dividing both sides of the resulting expression by 127τ , and taking the limit as∆ → 0 andτ → 0 jointly, with∆ 2 /τ held constant we obtain, ∂C n (x,ȳ,t) ∂t = unbiased motility mechanism with exclusion P (n) m∆ 2 4τ ∇ · (1 − S(x,ȳ,t)) ∇C n (x,ȳ,t) + C n (x,ȳ,t)∇S(x,ȳ,t) + unbiased proliferation mechanism with exclusion P (n) p τ C n (x,ȳ,t) 1 − S(x,ȳ,t) ,
for n = 1, 2, . . . , N . The total population density is given by S(x,ȳ,t) = tialisation means that there are, on average, no spatial gradients in cell density. 133 Under these conditions Equation (2) simplifies to 134 dC n (t) dt =r n C n (t) 1 − S(t) ,
wherer n = P (n) p /τ , for n = 1, 2, 3, . . . , N . The total cell density S(t) then can 135 be obtained by summing over the governing equations of N subpopulations to 136 give, 137 dS(t) dt = N n=1r n C n (t) 1 − S(t) .
In this work we always deal with initial condition contains without any spa-138 tial gradients, which means that we are working with a system of ordinary 139 differential equations (ODE) instead of a system of partial differential equa-140 tions (PDE). If we were to consider a different initial condition, such as a 141 scratch assay or a barrier assay where there experiments are intentionally ini-142 tialised with some spatial gradients present, then we would have to work with Without loss of generality, when we apply Equation (3) we adopt the conven-tion thatr 1 ≥r 2 ≥r 3 ≥ . . . ≥r N , so thatr 1 is the proliferation rate of the 146 fastest-proliferating subpopulation,r 2 is the proliferation rate of the second 147 fastest-proliferating subpopulation, and so on. We note that in the special case 148 where we consider all the proliferation rates to be equal,r 1 =r 2 = . . . =r N ,
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we are dealing with a homogeneous population with a constant proliferation 150 rate,λ. The continuum limit description simplifies to,
which is the classical logistic growth model (Murray, 2002) , whose solution is 152 given by,
This exact solution is a sigmoid curve that monotonically increases from C(0), 154 and approaches unity ast → ∞, provided that C(0) < 1. 
where r n =r n /r 1 , for n = 2, 3, . . . , N . Therefore, we now have a system of 
To be consistent, if we non-dimensionalise Equation (6) with t =λt, we obtain 167
Unlike the classical logistic model, Equation (7) All discrete results are presented in a non-dimensional format, on a lattice 176 with unit lattice spacing and with time steps of unit duration, ∆ = τ = 1.
177
Note that ∆ and τ can be re-scaled to correspond to any particular choices 178 of dimensional∆ andτ . This means that we can re-scale any of these dimen- Periodic boundary conditions are applied to all simulations.
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To explore the role of heterogeneity in population growth, we first consider 186 simulations involving up to three subpopulations: subpopulation 1 has the 187 fastest proliferation rate; subpopulation 2 has an intermediate proliferation 188 rate; and subpopulation 3 has the slowest proliferation rate. We first perform 189 three different types of discrete simulations initialised with different combina-190 tions of these three subpopulations. Each simulation is initialised so that the 191 total number of agents occupies just 10% of the total number of lattice sites.
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In the first simulation we consider a homogeneous population that is com- for heterogeneous growth. 225 We consider two different initial conditions for a population that is composed 226 of three different subpopulations, N = 3. Again, we refer to these subpopula-227 tions as subpopulations 1, 2, and 3. For both initial conditions we consider, we 228 distribute the total population uniformly across the domain so that the ini-229 tial total density is 10% of the carrying capacity density. In the first case we 230 choose the initial condition so that the total population is initially composed 231 of 75% of agents from subpopulation 1, 20% of agents from subpopulation 232 2, and 5% of agents from subpopulation 3, as shown in Figure 3 (a). In the 233 second case we choose the initial condition so that the total population is 234 initially composed of 5% of agents from subpopulation 1, 20% of agents from 235 subpopulation 2, and 75% of agents from subpopulation 3, as shown in Figure   236 3(b). These choices of initial condition mean that the first case is composed of (a) and (c) Initial distribution of proliferation rate for the two heterogenous populations. In all cases, red represents the fastest-proliferating subpopulation (subpopulation 1); green represents the intermediate subpopulation (subpopulation 2); and blue represents the slowest-proliferating subpopulation (subpopulation 3). In each case, the time evolution of the total density from the extended model, together with the best-fit classical logistic growth curve, is plotted in (b) and (d).
assays is to calibrate the solution of the classical logistic growth model to data. To quantify the quality of match we use a least-squares measure,
where C(t) is the best fit solution of the classical logistic growth model, and 260 S(t) is the total density associated with the extended logistic growth model.
261
Here we measure E in the interval 0 ≤ t ≤ 10, by evaluating both C(t) and 262 S(t) at 1000 equally-spaced time points, t l for t l = 0, 0.01, 0.02, . . . , 10. Figure 3 . Overall, we see that the standard approach of neglecting heterogeneity can sometimes lead to reasonable outcomes, whereas in other 271 cases the neglect of heterogeneity is unsatisfactory. We anticipate that the ini-272 tial distribution of proliferation rates across the initial subpopulations plays 273 an important role in determining the suitability of this standard approach. 274 We now investigate this question further by applying our extended model to ure 4, we non-dimensionalise the proliferation rate data by dividing each rate 305 by the fastest-proliferation rate for each cell line. This data, presented as 306 histograms in Figure 5 (a)-(e), shows the distribution of non-dimensional pro-307 liferation rates for both cell lines. We now use these histograms to specify 308 both the initial proliferation rates, and the initial distribution of the three (1) p = 0.01, P
(2) p = 0.0067, and P
(3) p = 0.0032. For cell line 2, P (1) p = 0.01, P
(2) p = 0.0046, and P on the lattice so that 10% of lattice sites are occupied. We are also careful to 314 ensure that the initial proportions of subpopulation 1, 2 and 3 correspond to 315 the proportions of the three subpopulations in the histograms in Figure 5 To support our numerical solutions of the continuum model developed in Sec-347 tion 3, we now provide some simple analysis. For brevity we concentrate on 348 the case in which there are two subpopulations present, with densities C 1 (t) 349 and C 2 (t). In this case the extended model, Equation (7), simplifies to
where r 2 ≤ 1. The governing equation for the evolution of the total density is
The solutions for both C 1 (t) and C 2 (t) are sigmoid curves that monotonically 352 increase from the initial densities, C 1 (0) and C 2 (0), provided that C 1 (0) + 353 C 2 (0) < 1. In the long time limit the solution of Equation (11) reaches a 354 steady state solution, where S(t) → 1 as t → ∞. To analyse this long time 355 behaviour we denote the steady state densities as,
so that we have C 1 + C 2 = 1.
Exact steady state concentrations
It is not immediately clear what the steady state values C 1 and C 2 are from separating variables, and integrating to give
This relationship holds for all t. By substituting Equation (14) into Equation
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(11), we eliminate C 2 (t) to give
This equation is a now a direct analogue of the classical logistic growth model.
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For general values of r 2 < 1, Equation (15) has no exact solution. However, 369 in this form it is easy to read off the steady-state value by setting the time 370 derivative to zero, resulting in
Equation (16) Although the extended logistic growth model given by Equation (11) does not 382 have an exact solution, we can obtain approximate results for in the limit of 383 small heterogeneity. To explore this we consider r 2 = 1 − ε, where ε 1, and 384 propose the perturbation solution (Murray, 2012)
where the superscripts (0) and (1) represent the leading order and first cor-386 rection terms, respectively. The asymptotic solution for the total population 387 is obtained by summing over the solutions for the two subpopulations:
Substituting Equation (17) into the extended logistic model, given by Equation
389
(11), gives the system 390 dC (0)
with C (0)
for the total population is 392 
For ε 1, we proceed to solve for the correction terms. The governing equa-399 tions for the individual populations are 400 dC (1)
while the corresponding equation for the total density is
Equation (24) has an explicit solution
Neglecting higher order terms we obtain the two-term perturbation solution for the total density
To demonstrate the effectiveness of this approximation, the O(1) and O(ε) 405 perturbation solutions for the total density are plotted in Figure 6(c) and (d) .
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The corresponding full numerical solution is also presented. For a moderately to account for heterogeneity. Indeed, most standard mathematical models of 428 cell proliferation simply treat the proliferation rate as a constant.
429
To explore the role of heterogeneity, we start by developing a discrete mod- accurate prediction of the growth of some kinds of heterogeneous populations, 446 we also find that in some circumstances the classical approach can not make 447 accurate predictions. We also generate in silico data by parameterising the 
